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We demonstrate that the theoretical description of current experiments of quasi-2D Fermi gases
requires going beyond usual 2D theories. We provide such a theory for the highly spin-imbalanced
quasi-2D Fermi gas. For typical experimental conditions, we find that the location of the recently
predicted polaron-molecule transition is shifted to lower values of the vacuum binding energy due to
the interplay between transverse confinement and many-body physics. The energy of the attractive
polaron is calculated in the 2D-3D crossover and displays a series of cusps before converging towards
the 3D limit. The repulsive polaron is shown to be accurately described by a 2D theory with a single
interaction parameter.
Recently, several experimental groups have realized
quasi two-dimensional (2D) Fermi gases with ultra-cold
atoms [1–7]. A key question which arises in this context
is whether current theories of the 2D Fermi gas may ac-
curately be applied to model the quasi-2D experiments?
We demonstrate that this is indeed the case for the so-
called upper branch. On the other hand, a quantitatively
accurate description of the lower branch requires us to
take the confinement explicitly into account as interac-
tions are increased from weak to strong. As a central
result, we show that the puzzling discrepancy between
the location of the polaron-molecule transition in the re-
cent experiment [7] and the theoretical 2D prediction [8]
may be viewed as a consequence of the quasi-2D nature
of the experiment.
Typical experiments with ultra-cold gases achieve
lower dimensionality by confining a three-dimensional
(3D) Fermi gas into a single layer (or a stack of lay-
ers) by a tight transverse harmonic oscillator potential
V (z) = 12mω
2
zz
2. If the temperature T and Fermi energy
F = ~2k2F /2m, where kF is the Fermi wave vector and
m is the atomic mass, satisfy kBT  F  ~ωz the gas
is quantum degenerate and collisions can be considered
to be quasi-2D as transverse degrees of motion are frozen
out [9].
In order to quantify the effects of the quasi-2D na-
ture of current experiments, we consider the highly pop-
ulation imbalanced limit of a single spin-↓ impurity in
a Fermi sea of spin-↑ atoms. In this limit, it was pre-
dicted that the Fermi sea can destroy pairing (if interac-
tions are sufficiently weak) and give rise to a Fermi po-
laron [10–12], an impurity dressed by excitations of the
Fermi sea, in addition to the molecular state appearing
at stronger coupling. From a dimensional analysis of the
quasi-2D Fermi gas, the location of the polaron-molecule
transition should depend on B/F , where B > 0 is
the vacuum binding energy, and an additional param-
eter describing the quasi-2D confinement (i.e. F /~ωz).
This is to be contrasted with the previously studied case
of infinitely tight 2D trapping [8], whose properties de-
pend solely on the dimensionless interaction parameter
B/F . As shown in Fig. 1, we find that the value of
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FIG. 1: (color online). Phase diagram of a highly polarized
quasi-two dimensional Fermi gas. Below the line, the single
spin-↓ impurity exists as a polaron dressed by the Fermi sea of
spin-↑ atoms. For large binding energies, the impurity forms
a molecular bound-state. The location of the transition de-
pends on the strength of the external confinement: At higher
density (or weaker confinement) the transition occurs at lower
B/F . The result from the recent experiment by Koschorreck
et al. [7] is also shown (star).
B/F where this transition occurs strongly depends on
the value of F /~ωz. The transition is shifted to lower
B/F at higher densities, in good agreement with the
experimental measurement of Ref. [7]. The 2D limit con-
sidered in Ref. [8] is recovered as F /~ωz → 0. The 2D
description breaks down as the size of molecules (or po-
larons) approaches the harmonic oscillator length of the
transverse confinement lz =
√
~/mωz.
We also demonstrate how this quasi-2D physics is man-
ifested in the energy of the repulsive polaron of the quasi-
2D upper branch gas [13, 14]. As we will argue, in the
repulsive branch, a single effective interaction parameter
describing quasi-2D collisions provides a sufficient de-
scription as long as the (non-universal) lifetime of the
repulsive polaron is large.
Finally, we present results for the energy of an impu-
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2rity in the dimensional crossover regime from quasi-2D
to 3D, where F & ~ωz. This regime was studied exper-
imentally in Ref. [3], and also very recently in Ref. [6]
where features in RF-spectra were interpreted as transi-
tions between polaronic states. The energy is found to
exhibit an intriguing behavior, as it has a cusp each time
the chemical potential of spin-↑ particles admits an ex-
tra harmonic oscillator level. Additionally, the energy is
found to quickly approach the 3D limit.
The low energy scattering of two particles in a two-
dimensional geometry is described through the s-wave
scattering amplitude [15]
f(q) =
2pi
ln [1/(qa2D)] + ipi/2
, (1)
with q the relative momentum. In the following we work
in units where ~ = 1. The scattering at low energies is
controlled by the parameter a2D which has the dimension
of length. a2D may be extracted in experiments from
the low energy behavior of the scattering cross section
σ = |f(q)|2/4q.
Petrov et al. [9] demonstrated how the scattering am-
plitude in a quasi-2D geometry is related to Eq. (1):
In three dimensions, the properties of an atomic gas in-
teracting close to a broad Feshbach resonance is charac-
terized by a single few-body parameter, the scattering
length as. The energy dependence of the quasi-2D scat-
tering amplitude f00 at energy  = k
2/m < ωz was found
to be
f00() =
2
√
2pi
lz/as −F(−/ωz) , (2)
where incoming and outgoing particles are assumed to be
in the ground state of the relative motion in the harmonic
oscillator potential. We use the definition of F [16]
F(x) =
∫ ∞
0
du√
4piu3
(
1− e
−xu√
[1− exp(−2u)]/2u
)
. (3)
As opposed to scattering in 3D, the two-dimensional scat-
tering always admits a bound state, whose binding en-
ergy B > 0 satisfies lz/as = F(B/ωz). At low energies,
||  ωz, the function F takes the form
F(x) ≈ 1√
2pi
ln (pix/B) +
ln 2√
2pi
x+O(x2) (4)
with B ≈ 0.905 [9, 16]. Keeping the first term on the
r.h.s., the asymptotic low energy expression (1) is recov-
ered with
a2D = lz
√
pi/B exp(−
√
pi/2lz/as). (5)
As demonstrated below, going beyond the leading order
in the low energy expansion of F(x) is important for
the understanding of current experiments on Fermi gases
confined to quasi-2D.
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FIG. 2: The first two terms of the geometric series for the
propagator of the impurity dressed by a particle-hole excita-
tion.
We now turn the problem of a single ↓ impurity in a
Fermi sea of ↑ particles. A central tool in the study of
many-body problems is the T -matrix, describing the for-
ward scattering between the impurity and a spin-↑ atom
at total 2D momentum q and energy . In vacuum, the
T -matrix is simply related to the scattering amplitude
T0(q, ) = f00(− q/2)/m, (6)
with the free particle dispersion q = q
2/2m. The pres-
ence of the Fermi sea couples the center of mass and
relative harmonic oscillator modes and the T -matrix de-
pends on harmonic oscillator quantum numbers n1, n2
and n′1, n
′
2 of incoming and outgoing particles. The for-
malism for the T -matrix in the presence of the Fermi sea
was recently developed in Ref. [17] where it was demon-
strated that the full T matrix, Tn1n2n′1n′2
, can be written in
terms of a T -matrix depending only on center of mass
quantum numbers N, N ′. For details see Ref. [17] and
the Supplementary material.
In the limit of weak attractive interactions, the impu-
rity exists as a quasi-particle dressed by a cloud of major-
ity atoms. This impurity problem has been widely stud-
ied theoretically in both three [11, 18] and two dimensions
[8, 13, 14, 19, 20] using variational and diagrammatic
methods. These approaches correspond to a systematic
expansion in the number of particle-hole pair excitations
generated by the interaction between the impurity and
the Fermi sea and provide a strict upper bound on the
impurity energy across the regime of strong interactions.
In the limit of weak interactions they match perturbation
theory. In 3D, the accuracy of this analytic approach
has been validated by both exact quantum Monte-Carlo
calculations [10], and also by precise experiments with
quantum simulators employing optically trapped ultra-
cold quantum gases [21]. Indeed, a systematic expan-
sion in particle-hole pair excitations has demonstrated
an approximate cancellation of contributions from two
or more pairs [22]. This result is independent of dimen-
sionality and explains the remarkable agreement between
theory and experiment. A priori, there is no reason to
believe that the approach is not approximately valid also
in quasi-2D, although corrections to destructive interfer-
ence are expected to depend on dimensionality. Here we
provide an extension of the diagrammatic approach to
the experimentally relevant quasi-2D setting.
Consider the propagation of the impurity, initially in
the state of harmonic oscillator quantum number ni.
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FIG. 3: (color online). Energy P /F of an impurity interact-
ing repulsively with a Fermi sea as a function of interaction
strength. The energy of a quasi-2D impurity is shown for
F /ωz = 0.1 (solid line). Additionally we show the 2D results
of Ref. [14] using the often used assumption a2D = 1/
√
mB
(dotted), and also using Eq. (1) as definition of a2D (dashed).
Interactions with a particle from the majority Fermi
sea may change the state into a final state with quan-
tum number nf . Conservation of parity further restricts
ni−nf to be even. In the single particle-hole approxima-
tion, the propagator of the impurity then takes the form
of a matrix equation
G(p, ) =
[
G−10 (p, )− Σ(p, )
]−1
, (7)
obtained by summing the geometric series illustrated in
Fig. 2. Note that the diagrams are formally identical
to those considered in 3D [18], however each propaga-
tor is now assigned a harmonic oscillator quantum num-
ber which is summed over intermediate states. The bare
propagator is given by the diagonal matrix Gnn
′
0 (p, ) =
δnn′/ [− pn + i0] and the self energy is
Σn1n2(p, ) =
∑
q,n
Tn1nn2n (p+ q, + qn) nF↑(q, n), (8)
where pn ≡ p + nωz. The Fermi function nF takes
the value 1 if the state with momentum q and harmonic
oscillator quantum number n is occupied in the ↑ Fermi
sea, and zero otherwise. The energy of the polaron corre-
sponds to a pole of G(p, ). From Eq. (7) the energies of
both the attractive and the repulsive polaron may then
be obtained.
The energy of the repulsive polaron as a function of
interaction strength is shown in Fig. 3. As opposed
to the attractive polaron, our calculation demonstrates
that the energy of the repulsive polaron depends solely
on the interaction parameter kFa2D. This is to be ex-
pected as |P |  ωz and thus the energy should match
previous studies of the repulsive polaron in 2D [13, 14].
Furthermore, Fig. 3 demonstrates that in order to com-
pare the predictions of these 2D theories to experiments
with quasi-2D Fermi gases, one should not match the
binding energy of the 2D theory to that of the quasi-2D
system. Instead the 2D scattering length a2D defined in
(1) and calculated by using the low energy quasi-2D scat-
tering amplitude in Eqs. (2)-(5) should be used. Note
that while the energy of the repulsive polaron depends
solely on kFa2D, the decay rate depends sensitively on
the energy difference between the repulsive polaron and
the lower lying states [23] and is thus non-universal.
As the strength of interactions is increased, the im-
purity binds a particle from the Fermi sea to form a
molecule. As in the case of the polaron state, the
molecule is in turn dressed by particle-hole pairs. The
molecule dressed by one particle-hole pair has been stud-
ied in 3D [24–26] and in 2D [8] by variational and dia-
grammatic methods. Here we extend the diagrammatic
method of Combescot et al. [24] to include harmonic con-
finement. To this end, we note that the confinement
does not change the structure of the diagrams needed
for the molecule energy. The difference in the present
problem is that all fermion propagators are assigned a
harmonic oscillator quantum number and the T -matrix
depends on these. Assuming F < ωz such that in the
non-interacting Fermi gas only the ground state of the
harmonic oscillator potential is occupied, the energy of
the dressed molecule is obtained when the equation
Hn1n2n3qk =
∑
n′1n
′
2
Tn1n2n′1n′2
(q−k, + q0 − kn3)[1−nF↑(k, n3)]
×
∑
k′
H
n3n
′
2n
′
1
qk′
E
n′1+n
′
2+n3
kk′q
[1− nF↑(k′, n′1)]− δ0n′1
∑
q′
H
0n′2n3
q′k
E
n′2+n3
k
+δ0n′1
∑
n′′2 n
′
3
T
n′2n3
n′′2 n
′
3
(0, )
E
n′2+n3
k
∑
q′k′
H
0n′′2 n
′
3
q′k′
E
n′′2+n
′
3
k′
[1− nF↑(k′, n′3)]
 (9)
has a solution. The vertex H includes all diagrams oc-
curring in atom-dimer scattering in a quasi-2D geometry
[27]. The sum on q′ is up to kF while the sum on k′ is
over all possible momenta. We use the notations Enk ≡
−+k+nωz and Enkk′q ≡ −−q+k+′k+k+k′−q+nωz.
For further details see the Supplementary material.
In Fig. 4 we display the energy of the attractive po-
laron and the molecule in the 2D limit and in quasi-2D.
As may be seen, the polaron and molecule energies cross
at a very small angle and thus the position of the polaron-
molecule transition depends sensitively on the confine-
ment. Computing the position of the polaron-molecule
transition as a function of the strength of confinement,
F /ωz, yields the phase diagram in Fig. 1. As the con-
finement is weakened from the 2D limit (or the density
increased), the transition is seen to move towards smaller
B/F . In particular, in the experiment of Ref. [7] with
parameters ωz = 2pi × 78.5 kHz and F = 2pi × 10 kHz
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FIG. 4: (color online). Energy of the attractive polaron (solid
line) and molecule (dashed) in the 2D regime and in quasi-2D
(F /ωz = 1/10). The molecule energy has been shifted by F
to reflect that a particle has been removed from the Fermi
sea. The inset shows the quasi-2D energies of the main figure
with the binding energy subtracted.
the transition was found at B/F ≈ 6.8 while our theory
predicts the transition to occur at B/F ≈ 6.2 (see Fig.
1). This should be contrasted with the 2D prediction of
B/F ≈ 10 at the polaron molecule transition [8].
Our formalism is also useful for studying the dimen-
sional crossover from 2D to 3D in polarized Fermi gases.
To illustrate this, we consider the energy of the attractive
polaron on the 3D Feshbach resonance, where the bind-
ing energy of the weakly bound dimer takes the universal
value B = 0.244ωz [16]. Spin-↑ atoms in the n-th excited
harmonic oscillator level become available whenever the
chemical potential µ↑ increases through nωz and as a
result the polaron energy is expected to have a discon-
tinuous derivative at each of these points. Our results are
shown in Fig. 5 where the polaron energy is seen to de-
velop a cusp each time a new state becomes available due
to the increase in the density of ↑ states. The polaron
energy rapidly approaches the 3D limit of an impurity
dressed by one particle-hole pair.
We remark on the resemblance between the above ap-
proach and the study of the ground state of a spin po-
larized 3D Fermi gas near a narrow Feshbach resonance
[21, 28, 29]. The narrowness is due to a large effective
range which enters the problem in addition to the scat-
tering length and the Fermi wave vector. For fixed scat-
tering length, an increase in the effective range leads to
weaker interactions and a smaller binding energy. In the
quasi-2D problem, the length-scale lz plays the role of an
effective range: Indeed, similarly to our results in Fig.
1 for increased lz, Refs. [21, 28, 29] found the polaron-
molecule transition to be shifted towards smaller binding
energies for increased effective range in 3D.
To conclude, we have provided a theory for the highly
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FIG. 5: (color online). The energy of the attractive polaron
in quasi-2D on the 3D Feshbach resonance. The dotted line
is the 3D limit P = −0.6066µ↑ [11, 18].
imbalanced Fermi gas in quasi-2D. Experimentally, the
phase diagram Fig. 1 may be mapped out by varying
the strength of the harmonic confinement ωz or the den-
sity in an ultra-cold quasi-2D Fermi gas. Upon entering
the molecular phase, the quasi-particle residue of the im-
purity abruptly drops to zero [25], which leaves a clear
signature in the line-shape of RF-spectra [7, 12, 21]. Sim-
ilarly, the energy of impurities in ultra-cold Fermi gases
have been extracted in quasi-2D from ARPES spectra,
obtained via momentum resolved RF-spectra [7].
Finally, we point out that while we considered the ex-
perimentally more relevant quasi-2D problem, our results
are also of relevance to the analogous problem of quasi-1D
Fermi gases [30–33]. For example, similar to our results
for the quasi-2D Fermi gas, one expects that the phase di-
agram of the 1D imbalanced gas provides an inadequate
description at stronger coupling.
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T -matrix in the medium
Consider the scattering of two particles at 2D momentum q and energy . The T -matrix describing forward
scattering in the medium in the presence of harmonic confinement was recently calculated in Ref. [17], we include
it here for completeness: For incoming and outgoing harmonic oscillator quantum numbers n1, n2 and n
′
1, n
′
2, the
T -matrix describing forward scattering in the medium takes the form
Tn1n2n′1n′2
(q, ) =
√
2pilz
∑
NN ′nrn′r
Cn1n2Nnr C
n′1n
′
2
N ′n′r
φ∗nr (0)φn′r (0)TN,N ′(q, ), (10)
in terms of relative and center of mass quantum numbers nr, n
′
r and N, N
′. The Clebsch-Gordan coefficients for the
change of basis are given by [34]
Cn1n2Nnr = δn1+n2,N+nr2
− 12 (n1+n2)
√
N !nr!
n1!n2!
min(nr,n2)∑
m=max(nr−n1,0)
(−1)m
(
n1
nr −m
)(
n2
m
)
, (11)
and the harmonic oscillator wavefunction φ takes the value
√
2pilz |φn(0)|2 =
{
(n−1)!!
n!! , n even
0 n odd
(12)
at the origin. TNN ′ is renormalized by the use of the two-body T -matrix as [17]
T −1NN ′(q, ) = T −10 (−Nωz − q/2)δNN ′ −DNN ′(q, ), (13)
with the renormalized polarization operator given by
DNN ′(q, ) = −
∑
n1n2k
un1+n2−N,n1+n2−N ′C
n1n2
N ′,n1+n2−N ′C
n1n2
N,n1+n2−N
nF↑(q− k, n1) + nF↓(k, n2)
− q−k − k − ωz(n1 + n2) (14)
and expansion coefficients un,m = (−1)(n+m)/2(n−1)!!(m−1)!!/
√
n!m! for n,m even non-negative integers, 0 otherwise.
The Fermi function nF↑(k, n1) is 1 for a particle in the ↑ Fermi sea, 0 otherwise. For the polarized gas considered in
this Letter, the Fermi function nF↓(k, n2) vanishes.
Equation for the dressed molecule
We now construct the sum of diagrams needed to obtain the energy of the molecular state dressed by one particle-
hole pair in the presence of harmonic confinement. Formally, the diagrams are identical to those considered in Ref.
[24] for the 3D problem, although in the present problem all fermion lines have additional harmonic oscillator quantum
numbers. For simplicity, we restrict ourselves to a molecule at rest. We also require F < ωz such that hole propagation
always proceeds in the lowest harmonic oscillator state. Our results are easily generalizable to finite momentum and
occupation of higher bands.
The bound state energy corresponds to a divergence of a two-particle vertex. As argued in Ref. [24], the energy
of the molecule dressed by one particle-hole pair necessarily lies below the energy of the bare molecule. Thus it
suffices to consider the vertex H describing the sum of diagrams containing a maximum of two forward propagating
↑ atoms as well as the impurity atom. The integral equation satisfied by H is depicted in Fig. 6: In the vertex H
the initial interaction is between the impurity and the ↑ atom with quantum number n1. After this interaction, this
particle either closes its own loop (the last two diagrams on the r.h.s. of Fig. 6) or participates in another vertex
7=H
+
+
↑
↓
↑
↑
↓
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k, n3
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↑
H
k, n3
T
↓ −k, n2
k￿, n￿1
q−k−k￿,n￿2
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↑ q￿, 0
k, n3
−k, n2 −k, n￿2
T
↑
q, n1
0
0
FIG. 6: (color online). The integral equation (9) satisfied by the vertex H. Circles indicate that the interaction inside the
vertex is initially between the two marked particles. The loop on the last two diagrams yields a summation over q′.
H. Taking into account only the homogenous terms (any pole in the non-homogenous term lies above the dressed
molecule energy) finally results in the integral equation (9) in the main text.
Additionally, we have verified that a variational approach with the trial wave functions for the polaron
|P 〉 =
∑
n
φnc
†
↓0n |FS, N↑ 〉+
∑
nn′m
kq
φnn
′m
kq c
†
↓q−knc
†
↑n′kc↑mq |FS, N↑ 〉 (15)
and the molecule
|M 〉 =
∑
nn′k
φnn
′
k c
†
↑knc
†
↓−kn′ |FS, N↑ − 1 〉+
1
2
∑
nn′mm′
kk′q
φnn
′mm′
kk′q c
†
↓q−k−k′nc
†
↑kn′c
†
↑k′mc↑qm′ |FS, N↑ − 1 〉 (16)
yields the equations (7) for the polaron and (9) for the molecule quoted in the main text. Here c†σkn denotes the
creation operator for a particle of spin σ with in-plane momentum k in the n-th transverse harmonic oscillator mode.
|FS, N↑ 〉 is the non-interacting ground-state of N↑ spin-↑ fermions.
